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Abstract

The multi-dimensional Darboux transformation and its spectral properties are shown to give
rise to matrix generalizations of the Calogero and Sutherland families of Hamiltonians, acting as
twisted Hodge Laplacians on k-forms. These matrix Hamiltonians are shown to be exactly solvable
when k£ = 1. In the case of the Sutherland Hamiltonian, the corresponding eigenforms are natural
generalizations of the Jack polynomials satisfying remarkable orthogonality properties with respect
to the Hodge inner product. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The central role played by the Calogero—Sutherland Hamiltonians [1,5,7] in the theory
of classical and quantum completely integrable systems gives a strong motivation to the
search for exactly solvable matrix Schrodinger operators which could be viewed as true
analogues of these Hamiltonians.

In this paper, we pursue one of the possible approaches to this problem. based on the
multi-dimensional Darboux transformation that we have recently introduced and studied
for twisted Hodge Laplacians on oriented Riemannian manifolds [2]. We will see that
the Darboux transformation gives rise to matrix Calogero-Sutherland Hamiltonians which
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are exactly solvable, with orthogonality relations between their eigenfunctions which are of
independent significance, as in the scalar case [4]. It is clear that any purely formal approach
is unlikely to produce matrix potentials meeting these requirements.

Recall that the basic ingredient of the multi-dimensional Darboux transformation is a
geometric generalization of the intertwining relations that underlie the classical Darboux
transformation of Sturm-Liouville operators. The multi-dimensional Darboux transforma-
tion therefore enables one to construct a family of twisted Hodge Laplacians whose spectra
and eigenforms are related in a natural way through the action of twisted differentials
and codifferentials. In local coordinates, these twisted Laplacians correspond to matrix
Schrédinger operators acting on k-forms. By applying the multi-dimensional Darboux trans-
formation to the Calogero and Sutherland Hamiltonians, we will therefore obtain matrix
Schrédinger operators for a system of N particles interacting pairwise on a line or a cir-
cle. In the case k = 1, which corresponds to an N-by-N matrix Schrodinger operator,
we will derive explicit expressions for the spectrum and the eigenforms of these matrix
Schrédinger operators. These eigenforms will be expressible as 1-form analogues of the
Laguerre and Jack polynomials, which will be shown to satisfy remarkable orthogonality
properties with respect to the Hodge inner product, generalizing the well-known scalar
ones.

Section 2 contains a brief summary of the essentials of the multi-dimensional Darboux
transformation. In Section 3, we recall the explicit formulas for the bound states and eigen-
values of the Calogero and Sutherland Hamiltonians in terms of Laguerre and Jack polyno-
mials. In Sections 4 and 5, we construct the twisted Hodge Laplacians which arise from the
application of the multi-dimensional Darboux transformation to the Calogero and Suther-
land models. The corresponding spectral problems are shown to be exactly solvable for
k = 1, and their eigenforms are computed explicitly together with their orthogonality
relations.

2. The multi-dimensional Darboux transformation

Our goal in this section is to recall the essentials of the multi-dimensional generalization
of the Darboux transformation to twisted Hodge Laplacians. We refer the reader to [2] for
additional details. Let (M, g) be a compact n-dimensional oriented Riemannian manifold
without boundary. The exterior algebra A(M) = @} _, AK (M) of smooth differential forms
on M is endowed with the standard Hodge inner product:

(w1, ) = /wl A *a)
M

for all w1, w; € AK(M). Our sign convention for the Hodge Laplacian A : AK(M) —
A¥(M) is given by

—Ay =dé +dd, (1)
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where, for w € A (M), we have

Sw = (= 1) DH g d(xw).
We consider the twisted Hodge Laplacians Hy : A MY = AR given by

He=d 8t +6%d, 2
where

d”-=eXde!, st =eXe X, 3)

and x is a C™ real-valued function on M. When x = 0 we recover the usual Hodge
Laplacians —A; = d§ + 8d. The twisted differentials ¢~ and 8% act as boundary and
coboundary operators on the exterior algebra A(M) and the correponding differential com-
plexes are locally exact. We also have

(6%, B) = (a,d™B) (4)

foralla € Aft! (M),B e Ak (M), so that the twisted Hodge Laplacians H are self-adjoint
and non-negative. When acting on a 0-form, the twisted Hodge Laplacian takes the form of
a Schrodinger operator:

Hy=—Ap+V, &)

where Aj g = Ag denotes the Laplace-Beltrami operator on (M, g), and V is a potential
given by

V = (Vx)? — (Ap)x. (6)

The twisted Hodge Laplacians Hy, k > 1, act as matrix Schrédinger operators when they
are expressed in local coordinates. We have

Hy = —Ar + Vi, (7
where

k
Vi) iy = Vi i, + 22 VIV Xty i it ia (8)

r=1

The twisted Hodge Laplacians H; can be decomposed as follows:
Ho=H" + H?,

where
H" =d=s*, HP =s*d".

It thus follows that we have the identities:

HYH® = HPHY =0, (9)
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and the intertwining relations

stHY, = HPs*, H)

— — 7(2)
+ prid” =d HT.

From (9), we obtain the following result:

Lemma 1. If o € AY(M) is an eigenform of Hy with eigenvalue A # 0, then we have
either:

@) H,fi)a) = Aw and Hk(j)a) = 0forsomei, j € {1,2}, or,

(ii) H,fi)w is an eigenform ofH,fi) with eigenvalue M fori =1, 2.

We are now ready to define the multi-dimensional Darboux transformation.

Definition 1. Let w be an eigenform of a twisted Laplacian H; with eigenvalue A # 0.
If H,\(,])a) = Aw, k > 1, we define its Darboux transform to be the (k — 1)-form §*w. If
H,fz)w = Aw, k < n — 1, we define its Darboux transform to be the (k + 1)-form d~ w.

The Darboux transformation therefore gives rise to up to three new eigenforms of H =
&} _o Hk, starting from a given eigenform of H with non-zero eigenvalue.

Theorem 1. Suppose that Hrw = Aw, A # 0. In case (1) of Lemma | with i = |, the
Darboux transform 8§t w is an eigenform of Hy_1 with eigenvalue X. In case (i) of Lemma |
with i = 2, the Darboux transform d~ w is an eigenform of H, | with eigenvalue . In case
(i1) of Lemma 1, 5+H,fl)a) and d_H,fz)w are eigenforms of Hy_| and Hy.\ with eigenvalue
A, respectively, and Hk( l)a), H,fz)a) are eigenforms of Hy with eigenvalue .

The operator H = @} _, Hx can thus be thought of as a supersymmetric Hamiltonian act-
ing on the exterior algebra of M [8]. We conclude by remarking that the multi-dimensional
Darboux transformation maps any pair of orthogonal eigenfunctions corresponding to dis-
tinct eigenvalues of a twisted Laplace—Beltrami operator Hy to orthogonal eigen- 1-forms
of the corresponding twisted Hodge Laplacian H|.

Theorem 2. Let H = d 8" + 8Yd™ be a twisted Laplacian and let a, B be O-forms such
that Ho = ha, HB = uf where A # . and (a, B) = 0. Then,

(d oa,d p)=0.
Proof. Let H be a twisted Laplacian acting on O-forms. It follows from (4) that

(d a,d”B) = (@, 57d™B) = (a, HB) = pu(a, ) =0
=(d a,d” B)=(0"d o )= (Ha, B) = A, B). o

In Sections 4 and 5, we will apply Theorems 1 and 2 to obtain exactly solvable matrix
generalizations of the Calogero—Sutherland class of Hamiltonians.
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3. The Calogero and Sutherland Hamiltonians

The Calogero Hamiltonian is given by

N i-1

N 2
d- 1, -2
HC:—Z—é;?—FZZ{gw“(xi-—xj)z—}—g(x,-—x.,‘) "}, (10)
i=1 {

i=2 j=1

where g is a constant satisfying g > —1/2 to ensure the existence of bound states. The
Hamiltonian (10) is thus of the form (5) where M is the open subset of RY given by
x| < --- < xn, endowed with the flat Euclidean metric. In terms of the variables z and r*
given by

N i-1 i—1

= (x;i — xj), r= L 3 (x; — x;)7,
N &«

i=2j=1 i=2 j=1
the eigenfunctions of Hc are given by
Y (%) = 2 2o P(x), nl=0,1,2....,

where

N\ /2 , N2
wamee[@(3) ] (53) )

1
a=5(1+2g>‘/2, (1
b~l+1(N 3)+1N(N 1) +1
=T 2 aT3)

The functions Lﬁ are the Laguerre polynomials and the functions Pj(x) are symmetric
harmonic polynomials of degree / in the particle coordinates with respect to a certain
generalized Laplacian [1]. The eigenvalues of the Hamiltonian Hc are given by

|

N\'/? 1 |
Erii = — —(N -1 ~N(N -1 — 2 /. 12
I+l a)(z) |:2( )+2 ( )(a+2)+ n—}-:l (12)

The Sutherland Hamiltonian describes a system of N particles on a circle, interacting
through a pairwise potential. It is given by

N o2

3 1
P , 13
P B v D T ATy -

i=l1 i i<j

where 0 < x; < --- <xy < L, (B — 1) > —1/4 and L denotes the perimeter of the
circle, so that (L /) sin((7 /L) (x; — x;)) is the chord length between the i and j particles.
The spectrum of the Sutherland Hamiltonian is bounded from below, with ground state
energy given by

_1 TN\? 5 5
E0_§<Z> BIN(N? = 1). (14)
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The normalizable ground state is given by

Yoi,...xv) =[] [sin (%(xi —xj))]ﬂ. (15)

I<i<jsN

It is convenient to transform the original spectral problem into a related one by conjugating

Hs by the normalizable ground state eigenfunction v and introducing the variables
7= eZni.XJ/L'

The spectral problem Hgy = E is thus transformed into

\2
Hop = (E) (E — Eo)¢,

where

N 2
a Zj+Zk)< a 3)
H=Y (-2 + i ). 16
j;(’azj) ﬁz(q—zk Taz;  Mou (1%

j<k

The eigenfunctions of H are certain polynomials J;(z1, ..., zn; 1/8) of the z;’s which are
labelled by partitions A of their degree n of length less than N. Recall that if A and u are
two partitions of n, then we have a natural ordering givenby A > pif Aj +Ay+---+A; >

@1 + 2 + - - u;, for all i. The eigenfunctions J, (zy, ..., zn; 1/8) of H will be of the
form

Lz, ooz 1/B) =my + Z VapMy,

n<A
where
A.A
m= ¥ 15
perm(i) j

and they will be orthonormal with respect to the inner product given by

de de
(T J) = / 2—;-~-2—;E|<zj — 20 h@I.®). (17)

These conditions determine uniquely the Jack polynomials [4]. The excited states are ex-
pressed in terms of the Jack polynomials in the following way:

N\ a—(N=DB2
Yagzr, ..., 2n) = (H2i> l_[(Zi — )Pz, - v 1/B),  (18)
i=1

i<j

where ¢ is an arbitrary real quantum number corresponding to the translational invariance
of the Hamiltonian and A covers all partitions of length less than N. The eigenvalues «; 4
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and E; , of the Sutherland Hamiltonian Hs and the momentum operator P acting on the
eigenstates (18) are given by

Evg=) & (19)
where

2 .
Ki = T[A,- + B(N +1-=2i)+4q].

4. Matrix Calogero potentials and their eigenforms

In this section, we construct an exactly solvable matrix generalization of the Calogero
Hamiltonian, realized as a twisted Hodge Laplacian acting on 1-forms. The eigen 1-forms
and the spectrum of this matrix Hamiltonian will be determined explicitly by applying
Theorem 1. To define the twisted Hamiltonian H, we take ¢~ X as a constant multiple of the
ground state, g, since this eigenfunction has no zeros away from the singularities in the
potential. We thus let

x(x)=Cr*— <a + %) log(z), (20)
where
o\ (N\'?
c=($(3)
We have
N

dx 1 1

Z:,:(X' ( +§)jz:(x,—x)

I J#E

and

AX=2C(N—1)+( )ZZ

i=1 j=1
J#i

(-xl —Xj)"

The Laplacian of x can be written in an equivalent form by using the identity

N i—1

) D

i=1 Jj=! i=2 j=|
J#

(x; — xj)-
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which gives

i—1

N
Ax—2C(N—1)+2(a+ )ZZ

_ 2°
i=2 j= l(xl xj)

Using Egs. (7) and (8), we obtain

N
(Hexw)iy..ip = | —4 + Z Z(x, ( + %) Z 1

| (x; '—xj)
m J#i
1 N i—1 1
—2C(N—1)+2(a+§)z G R | @i
1
k N
2C 1 1
+2 (———'( = ) T Jlrglseens i
X_;; N 2) (xj—x;,)2) itk
J#ir

£ | 2c 1 o 1
+2) | TN =D+ (a+5) D ——— | @iiviee

2
r=1 g=1 (xI’ _xq)
q#ir
(21
For the twisted Laplacian Hc; acting on 1-forms, we thus have
2
ad 1
(Hoio)m = —A+; Z(x, xj)—(a+ )Z(x, )
h /#! J#l
1 N i-1 1
—2C(N -1 2 - —_—
-0 v2(ar ) SF oo
i=2 j=1
N
2C 1 1
-2 — 4+ |la+=-}———
Z ( N ( 2) Com —x,~)2)w’
j#m
N
2C 1 1
+2 —(N—1)+(a+—) — | on. (22)
N 2 qzz; Gm —x)2 |
g#Em

The eigenforms of Hc; can now be computed by applying d~ to the eigenfunctions of Hc.
Indeed, recall from Theorem 1 that if v is an eigenfunction of Hy with eigenvalue E # Ej,
then w = d~ v is an eigenform of H; with eigenvalue E — E;. We have

@ ) =g v,

where

) & v Y {
g, =e V;eX.
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From (10), we obtain
g7 Y = €KV Xy = 2 C (L ) Px)).
Therefore, the eigen 1-forms of Hc are given as follow.

wn = d " = 27 2eC Za (L5 QCrY Pi(x)) dx;. (23)
j=1

The latter expression can be made more explicit by using the recursion formula for the
Laguerre polynomials. We have

) ac e
wy =d V) = _qu+l/2e ¢

N
Z Z(x, —x)LPHecrh P + LherHg P | dx. (24)
/=1 \#/
Using Theorems 1 and 2, we can summarize the results of this section as follows:
Theorem 3. The I-forms wy; defined by (24) are the eigenforms of the matrix Calogero
Hamilionian Hc | given by (22), with eigenvalues E,; given by (12). The eigenforms wy

and w, ' corresponding to distinct eigenvalues are orthogonal with respect to the Hodge
inner product,

/will A x@pp = 8y,
that is,

f 3 eI g (L 2CrH) POIRILE QCrT) Pr ()] dxi -+ dxn = Sndir.

5. Matrix Sutherland models and the Jack eigenforms

We now turn to the Sutherland model, in which we let L = 2. Just as we did with the
Calogero model, we choose e~ X to be a constant multiple of the ground state,

o1
x(x)=-58 Z log sin E(x'i — Xi), 25
1<j<N
which can be rewritten as

N—1 N 1
x(x)=-8 Z Z log sin E(xj — X;).

i=1 j=i+l
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We have

g = ——ZCO( (x, -
i
J#r

and

ZZ sin (1/2)(xr —xi)

sltl
i#s

Therefore, we obtain from (7) and (8) that the twisted Hodge Laplacians arising from the
Sutherland model are given by

2
B2
(Hspw)iy,..ip = —A+—Z Zcot (xs — xi)
;;E\
- Wiy, ip
Z:Zsmz(l/z)(m—x,) b

s=1 i=1
i#s

—F Z Z sin (1/2)(xj —xi, )wi"”"i”‘ji’“""'i“

r=1 j=I
J‘#h

1T S AN 26
+= Z Z sin (1/2)(361 _xq) k ( )

r=1 ¢=1
q#ir

The Hamiltonian Hg| acting on 1-forms is given by

2

2
(Hsiomm = | -4+ 2 Do D cot %(xs - x;)

T4 ZZ sin (1/2)(xg - Xi)

rlll
i#£s

N N

B 1 B 1
LBy +E3 . 27)
2 = sm2(1/2)(x,,, —xj)wj 2 p sm2(1/2)(x,,, —xq)w
J#m q#n

We now apply the multi-dimensional Darboux transformation to construct a matrix gen-
eralization of the Sutherland Hamiltonian, realized as a twisted Hodge Laplacian acting on
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1-forms. Just as in the case of the Calogero Hamiltonian, the eigenforms and the spectrum
of this matrix Hamiltonian will be determined explicitly by applying Theorem 1. These
eigenforms will be expressed in terms of the Jack polynomials and will satisfy remarkable
orthogonality properties relative to the Hodge inner product. We will refer to them as Jack
I-forms . It is convenient to work in the coordinate chart 7; used in Section 3. In these
coordinates, the ground state wavefunction is given by

—BIN=1)2
Aﬂ(l)=l_[|2j—‘2k|ﬁl_[2kﬂ( 2
j<k k

up to complex multiplicative constants, and the Schrédinger operator is transformed into
(16).
We therefore set

BN — 1)
X(x(@) = —log AP(2) = B> log |z — | + — ;log(zk). (28)

j<k

We have

N —(N=1)B)2
‘I/(_I//'Lq =e A V;e! I/qu = ( Zm>

n=1
q
1
Zm) Jk <Z, E) .

=

N
X l_[|Zi —Z.,-Iﬂau, ( l_[

i<j m=1

so that

N ~(N=1)B/2
i=1 k

i<j

N

q
1< 1) ¢
Im y vz Zk
1 ’ ﬂ

m=

This differential form is a Jack 1-form.

Theorem 4. The I-forms given by

N\ —(N=Dpj2
Wh g = (d_l//X,q) = (l_[Zi> l_[|Zi —Zjlﬂza:k
k

i=l1 i<j

N 4q 1
X ( H z,,,> Ji (z, E) dzx

m=1

are eigenforms of the matrix Sutherland Hamiltonian Hg, given by (27) with eigenvalues
E; 4 given by (19). They are orthogonal with respect to the Hodge inner product,

/wk.q A *wyr g0 = 83 384 47
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that is,

N —(N-1)B N\ :
() e o (1) )

i<j s=1

N q' 1 N
(l_[zs) J)" (Z; B‘) ( 1_[ Z;l) dZ] s dZN = (S)‘}\/(Sq.qf
§ = m=1

s=1

The orthogonality relations given in Theorems 3 and 4 can be thought of as natural
generalizations to the case of differential forms of the classical orthogonality relations for
the Laguerre and Jack polynomials. We conclude by remarking that similar results can be
obtained for all the families of integrable Hamiltonians related to the simple Lie algebras,
in the sense of [5]. The corresponding eigenforms will be expressed in terms of symmetric
Heckman—Opdam polynomials [3].
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